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AN ANALYSIS OF COMPACT HEAT EXCHANGER PREFORMANCE

Sunil Sarangi and John A, Barclay

ABSTRACT

Many cryogenic heat exchangers employ high-conductance metallic screens or
perforated plates separated by insulating spacers normal to the fluid flow
direction. The former insures a high rate of heat transfer between the fluid
streams while the latter reduces longitudinal conductiorn. Packed-bed regene-
rators employing wire screens, perforated plates, or granular particles also
have a similar structure.

In these exchangers, any individual plate or particle has very high ther-
mal conductivity and is essentially at a single temperature. A: a result, the
temperature profile along the length consists of many steps, rather than a

single continuous curve. Conyen@iqpa] analysis based on a continuous tempera-
.ture pféfile tends to overastimate the efficiency of these exchangers.

Arxial conduction down the bed, caused by finite contact or spacer resis-
tance, further reduces the effectiveness. The ineffectiveness due to axial
conduction adds to that due tu finite number of piates and finite heat trans-
fer coefficient.

A closed form expression is derived for the efficiency of a compact heat
exchanger with given design Ntu where the exchanger consists of n layers of
metallic screens, plates, or particle layers. It is observed that the effect

of discrete temperature profile becomes significant when the per stage design

N, exceeds about 0.5,

tu



INTRODUCTION

Many counterflow heat exchanger concepts [1-4] utilize high conductance
metallic screens or perforated plates separated by insulating spacers. The
former insures a high rate of heat transfer between the fluid streams while
the latter reduces longitudinal conduction. Packed bed regenerators made of
metallic wire screens, perforated plates, or granular particles have a similar
arrangement. The contact resistance between successive screens or particies
serves to reduce axial conduction. The normal design method, which may be
considered a sort of "continuum approach" assumes a uniform distribution o7
heat transfer area and a constant axial conduction parameter [5,6].

But, in practice, an individual plate or particle in these exchangers has
very high internal conductivity and is essentially at a single temperature.
For example, consider a heat exchanger running with gaseous helium and opera-
ting in the laminar-flow regime. Depending on the geometry, the Nusselt num-
ber is between 3 and 8. Using thermal conductivities of helium gas and stain-

less steel, we get a conservative estimate of the Biot number,

“He . 8x0.15

15

No; = N < 0.08 (1)

Bi Nu

Kss

At such low values of Biot number the plates may be considered to be isother-
mal. The temperature gradient is sustained by the insulating spacers or con-
tact resistances. As a result, the temperature profile along the length of

the exchanger bed consists of many steps, flat portions representing the metal-
11ic plates alternating with.sgggpdrjses representing the 1nsu1at1ng‘sp§ggrs_or
contact resistances. Approximating the stepped temperature profile with a

continuous one tends to overestimate the efficiency of the exchanger,



The overall inefficiency of a heat exchanger can be related to 3 main
sources:
I. finite heat transfer coefficient,
II. finite number of plates, screens, or particle layers, and
III. axial conduction caused by finite thermal resistance of insula-

ting spacers or by finite contact resistance.

Other sources of inefficiency such as flow maldistribution or heat transfer

from the surroundings are assumed tc be small. It may be noted that even with
infinite heat transfer coefficient and zero axial conduction, the effectiveness
is less than unity solely due to the finite number of heat transfer members in

the bed.

THEORY
Figure 1 gives a schematic and a typical temperature profile in a segmen-
ted counterflow heat exchanger made of a finite number of plates separated by
insulating spacers. In this raper the word "plate" stands for a perforated
‘plate, wire screen, particle layer, or any other metallic member that couples
the two fluid streams and itself has a very high internal conductivity. Dimen-
sionless temperatures have been illustrated in the insert in Figure 1.
kt

Let Tk = temperature of the h plate, assumed uniform over the plate;

tél) = temperature of the "min" fluid when entering the kth plate; and
téZ) « temperature of the "max" fluid when leaving the kth plate. The sub-
scripts "min" and "wax" and the superscripts (1) and (2) refer to the fluid
streams with smaller and larger heat capacity flow rate (ﬁcp) respectively.
It 1s further assumed that there are two fictitious plates at temperatures:

To = t{]) = {nTet temperature of "min" fluid; and



- ¢{2)

Tn+l T '+

= inlet temperature of "max" fluid, n being the total

(1) apg £(2)

number of plates and th 1 the respective exit temperatures.

Referring to Fig. 1, an energy balance over the control volume around the

th

k™" plate gives:

MY, (<A ]
%m(% ‘Hﬂ)*( 2) (WJ'TO'
K

(. (2) .(2) < A .
k+1

where < = thermal conductivity of the insulating spacer,
Ac = ¢cross sectional area of the spacer,
% = length of the spacer between plates,
n = number of plates in the heat exchanger, and the subscript k refers

h

to the spacer between the (k-l)th and kt plates.

Equation (1) may be simplified by defining two dimensioniess parameters,

c

v =_mn, capacity rate ratio (7a)
Crnax
KAC
- /
and A . Cnin
k
= axial conduction parameter for the spacer
between (k~1)th and k' plates. (2b)
[t should be noted tha. = . -~ an -
A, A = 0 (2¢)

because the two ends of the heat exchanger are adiabatic. Then



(1) (1) (2) ,(2)
v (tk - k+1)+ nv )‘k(Tk-l - Tk) =t bt Ny Ay (Tk - T|<+1) (3)

The inlet and exit fluid temperatures over a particular (k plate, which is

at a uniform temperature Tk’ are related by the equations [7]:

(1)
1) (M. 1Y New /"
Y™ Tk (%k Tk)e (4a)
(2)
(2) _ (2)). New /"
and T -8~ (Tk k+])e (4b)
Nil) and N£2) are the one-side Nt s of the respective sides and n is the

total number of plates. The overall design Ntu is related to them as:

-1

ND - 1 Y (5)
tu (1) n(2)
tu tu

The three sets of equations (3), (4a), and (4b) numbering 3n determine the 3n
variables: Tk' 1< k< n; t(]), 2< k< n+1; and téZ), 1< kg n.

(1) 4na £(2)

. The variables t and n+] e the -known inlet temperatures of the two

fluid streams.
The following dimensionless temperatures and temperature differences are

defined to express the governing equations in dimensioniess form.

£(2)
T Ty =T
ek..JL__JEla B =8, 1-90 - X-1 k
(1) ¢(2) 1) 4(2)
1 n+1 1 n+|
(1) ¢ (2)
Mm% -T2 LT b
Ty —_— L (6)
(1) (2) (1) (2)
t n+1 Y-t



These dimensionless temperatures have been illustrated in the insert in Fig. 1.
(1) (2)
k k

th

It may be observed that T and 1 are the temperature differences of the

two fluid streams from that of t-e k= plate at their respactive inlets to the

plate.
1}

- p—

(2) _,
n

Thus T = A1 and T

n+l1°

(1),(2)
-N ’ /n
_ tu

Then £qs. (3) and (4) reduce to:

1)_ (1) ({2 (2 ,
"(‘(k -tk +Ak+1) A" ‘(*(k -42 +Ak)+ NV A By 5 (8

1) | 1)
) ay,, +8, 4] (9a)
and T (%) =a, +8,1% (9b)

Eliminating Tél% and Té%} between Eqs. (8) and (9)

(1-81)\) r“(” =<1 -62>Té2) . v(AkH Benr -AkAk)

(2) (1)

or, T 5 T T R Y By = Y By (10)
1'61 n\)kk

where u = v and'vk = (1)
1 -Bz ] -82

The 3n 1inear atgebraic equatfons (9a), (9b), and (10) completely determine

the temperature field. In appendix A, the system is further reduced tc¢ a set

(1),(2)
K . Th

of only n equations by eliminating the fluid temperatures t e



coefficient matrix is in pentadiagonal form, which can be solved using standard
algorithm [8]. Considering that n is a fairly large number, the computer solu-
tion of this set of equations is not trivial. Attempts to generate an analyti-
cal solution have been unsuccessful. The following approximate procedure, how-
ever, yields a convenient formula for the efficiency.

As discussed earlier, the efficiency of the heat exchanger can be ascribed
to 3 sources: (1) finite heat transfer coefficient, (II) finite number of
plates, and (III) axial conduction through the insulating spacers. An exact
analytical model incorporating sources I and II yields a closed form solution
for the efficiency € 141" On eliminating the source I by setting the heat
transfer coefficient h+ «, we obtain the efficiency €11 A second model in-
cluding sources II and III yields the efficiency € II+I1I" For most cryogenic
heat exchangers the inefficiencies are small and those from different sources
can, in general, be added. Thus,

i +

-1y (12)

L+11+111 -~ T1e11 ¥ V11e1nn

‘where i = 1néff1c1én¢y =1 - é. .Eﬁb5£¥on (12) can also be written as:

Cr+11+111 T €141 T Cr1r1e1nn T v (13)

HEAT EXCHANGER WITH FINITE NUMBER OF PLATES

AND FINITE KEAT TRANSFER COEFFICIENT (I + II)
Because it 1s assumed that the spacers have infinite thermal resistance in
the axial direction, the successive plates have nc coupling betwecen them. The
overall exchanger may be considered to be made of n identical units operating

in series, the design Ntu of each individual unit being Ngu/n. The efficiency



of such a heat exchanger is given by Kays and London [7] as:

e:L:_E__ (]4)
1-v prl '
1-ek
with p = ——— (15)
1 =-v Ek

where €y is the efficiency of any individual exchanger composed of only

one plate.
The governing equations for the kth unit are Eqs. (9) and (10) with
A =0.
Then 1£2) =M Té]) ' (16)
and
(1) (1) (1) (1)
_tk —tk'ﬂ_”-B])Tk _ (1'81)Tk —.I_B]
Tk 2) (1 2) o a7
N TR
Substituting this result in Eq. (15) and using Eq. (11)
o+ B]
p=—u-_1 (18)
1 +u B2

Thus the efficiency of a segmented exchanger of n plates without axial

conduction through the spacers is given as:

n

€l+11

_l-

(14)
1 -v pn



u +8 1 -8
where p=-—-—1andu=—~—']v

Although the above derivation yields an expression for the efficiency, it does
not provide the detailed temperature profile. Such an analysis is presentead

in Appendix B.

Special cases:

(A) Infinite heat transfer coefficient (11): n{!) - Néﬁ) + o,

tu
In this 1imit 81 = 82 = 0, leading tou =V and { =V,
Then
. n
gy = =V (19)
1
1 - vn+1

{B) Balanced Flow: v =1,

In the cace of v =1 we have p = 1, and Eqs. (14) and (19) are in-

determinate. Using L'Hospital's rule Eq. (14) reduces to

"ﬁ“(11'81) (1~ 32)
€I+II = (20)
n (1-8,) (1-8,) + (1-8.8,)

and Eq. (19) reduces to

n
II n+l

oel(1) _ y(2)
(C) Balanced Design: N ' = New -

In this case, using Eq. (5)

D

(1) (2)
N N = (1 tu

tu tu tv) N

- -



D
Let Bo = e (1+v) Ntu/"

Then Eqs. (14) and (18) reduce to

1 -o" v +8
€ ey = =P withp=——">1 (22)
} n 1+v8B
1 -V P 0

In the event of balanced design and balanced flow:

n (1- Bo) (23)
€ = 22
I+]11
n(1-80)+ H+B°)
(D) Continuous heat exchanger: n=+ «
In the limit of large n,
Ny gy Mg N
B,=e =1 --——andB, = e =1 - (24)
Substituting in Egs. (11) and (18), and using Eq. (5), we get:
(1) D
N -{1 -v) N /n
w=—Hy and p=1 1YW = tu (25)
u
n(?) n
tu
Using Eq. (25), Eq. (14) gives:
-(1 =) N
1 -e u
€I+II = D (26)
1 -v e {F V) Ny

Equation (26) is the familiar expression [7] for the efficiency of continuous

counterflow heat exchanger.

- 10 -



HEAT EXCHANGER WITH FINITE NUMBER OF PLATES
AND FINITE LONGITUDINAL CONDUCTION (.i + III)
Since the Ntu of each plate is infinite on both sides, the fluid exit
temperatures are equal to the corresponding plate temperatures.
81 =82’0;” =V and‘rk ="V)‘k
From Eq. (9)
(1) (2) .,

T ® Ay and T =8 (27)

Substituting in Eq. (10)

=V By +n\)(lk£\k -xmakﬂ) (28)

/

A

Assuming that &)1 the spacers are identical, i.e., A, =X for 2< k< nandi, =

Apep = 05

Eq. {28) can be rewritten as:

Ak+1 =qu;2$ k<n -1 \
with
A2 = qA.l/(l +nA) andAn_'_1 =y (1+n>‘)A'_l (29)
where
Q=v(1 +nX)/(1 +v nA); ’ (30)
Successive application of Eq. (29) gives
B = @18 /(140 A); 2 ks nwitha g =v " 4, (31)

n+1
Substituting Eq. (31) into the relation E: A, =1 and solving,
u]

n-1
A a1y and A =y qk'1A = 29 -V 9 (32)

n+l
1 - vig"! 1o o2 g




Then the efficiency €II+]11 © 1 -A

n+l

n-1
l-vg with q = v_(1+n}) (33)
1 -\)zqn"1 1 +v n)

Special cases

(A) Zero axial conduction: A =20
In this limit q =v ande;; = (1 - vh/a - vn+1).
This is the same result as Eq. (19).
(B} Balanced flow: v =1
In the case of v =1, q = 1 and Eqs. (33) and (19) are indeteimi-

nate. Using L'Hospital's rule, Eq. (33) reduces to:

__n()+X)
€I1eI] © (34)
1 +n (142 2)
and Eq. (19) reduces to:
n
£ [ QL
I1 n+1

(C) Continuous heat exchanger: n=+ o,
In the Timit n+ «, the spacer length £ approaches U; but A is still

finite and may be defined as A = KAC/LC L being the overall length

min’
of the heat exchanger. Then q= 1 - (1-v)/nAv. Using the relation

Lim (1+x)‘/x = e we get q" = e'(1'”)/kv = q"']. Substituting
this relation in Eq. (33) we get
1
P YY)
1 -ve
€ ] (35)
+
II+111 _.].)\ﬂ
v
197 e

- 12.;



In the 1imit of n+ «© andv =1, using L'Hospital's rule, Eq. (35) gives:

VA -l (36)

€rrer11 T
1 +22A

EFFICIENCY OF THE OVERALL EXCHANGER
Combining Eqs. (14), (19), and (33) by the relation (13), we get

1

n n-
€ =]'p +]-\)q _1-\) (37)
T+1T+111 n 2 n-1 n+1
1 -vp 1 -voq 1-v
u+B 1 -8
with p = 1 ;q=_v_(1_+w and y = ]\J
1+u8, 1+vaa 1-8,

Similarly for balanced flow (v = 1) operation Eqs. (20), (21), and (34) give:

n(]'B])(]'Bz) . n(]“'A) ) n
n(LB1)H-BZ)+H-B@2) 1+n(1+2x) n+1

(38)

€ 1+I1+111 "

In the case of balanced design B, = B, the efficiency is sti11 given
by Eqs. (37) or (38) except that

v o+ Bo -(1+ V) NEu/n
p » —— with Bo = Q

1 +v Bo

The overall effectiveness can be reduced tr an effective Ntu by the relation [7]

eff _1 n 1 -=v e
tu 1 -v I -¢€

N

(39)

S13 -



Like €, Niﬂf is a function of NEU, v,A, and n. In Fig. 2, Ni:f 1s

plotted against Nzu for selected values of A and n withv = 1. The ideal Kays
and London formula [7] for n+ « and A = 0 is represented by the straight 1ine
with slope = 1. It may be obse ved from the curves with A = 0 that the effact
of finite number of plates becomes significant when the per stage Nzu

(= N /n) excaeds 0.5. If 1t is higher than about 2, the effective N
approaches the number of plates n, confirming that it is not possible to exceed

an effective N u of 1 per each plate.

t
In the presence of axial conduction, the efficiency is further reduced as

shown 1n Fig. 2. The result of Krceger [5] for a continuous exchanger with A =

0.01 is indistinguishable from our calculation with n = 1000 over the range of

Eu shown in the figure. It is seen from Fig. 2 that at high values of NEU

N
the effective Ntu is determined by n and A.
In the 1imit of continuous exchanger (n—+ «), eqp =1 and Eqs. (13), (26),

and (35) give

1 -e tu 1 =v e AV
€rerr " — * -1 (40)
D - {1-v)
-(12) N A
1 -=ve tu 1 - vz e v
which reduces to
D D
N . N
tu 1+ A _ tu A ,
©re111 " 0 * r o 1= n - (41)
Ntu+ 1 N, + 1 1+ 22

for balanced flow (v = 1) operation. If the axial conduction parameter A {s
sufficiently small, Eq. (41) and Eq. (20) of Ref. 5 yield the same values for

the effectiveness.

i eene

-14 -
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APPENDIX A

The governing equations may be summarized as:

(1) _ (1) (1) _
Tl “Bge tB T T withTh =4y
(z) _ (2) (2) _

- (1)
and T =u T YA = Y Ay

By successive application of Egs. (9a) and (9b), respectively, we get

k
(1) _ (k-1)
Tk = éi 8 1 A1

@ M (k)
and Tk = j%%] 82 AJ

Substituting these expressions in Eq. (10)

n+l

L3y

gdK-Ty, = fﬁ gk a, + - A ;1< k<n
2 Y S S A TR R DR

Substituting k+1 for k in Eq. (A3),

n+1

k+1
J k-2, gk-1+1 |
JoK+ u?:] el Barm Tewg Bpag 1€ K 0l

And substituting k-1 for k in Eq. (A3),

S SRR
};34 By mH BT Ay AT b Y 2t ke

- 16 -

(9a)

(9b)

(10)

(A1)

(A2)

(A3)

(A4)

(A5)



Multiplying Eq. (A4) by Bz, subtracting fro~ Eq. (A3) ancd rearranging,

] =
(Trua)Byyg =u (1 -8:8,) 1)-]::] By 85 Y8y - 4 B) Yy By

+By YyapBpap 3 1< K< n=1 (A6)

Substituting k for k+1 in Eq. (A6),
(1 +uB, A, =u (1 BB)RZ-:IBk'i'IA + Ay 4 -y, b, (148,)
W2 B TH T =B £ Py RS I B S S

+82Yk+1Ak+1; 2< k<n (A7)

k-1
On eliminating 2, B$-1-1 b, between Eqs. (A6) and (A7), and rearranging,
=l
b By * Ol *dp By e Bpyp 205 2¢ k< (A8)
where
B =By Y

Cp = - u +By ¢+ H+B1+Bﬁ2)7k]
dk- 1+uBz+Yk+1 ( +Bz-+8@2)
R AT (A9)

On letting k = 1 in Eq. (A6) and rearranginy,
¢4 A1 +dyd, +e b,y 0 (A10)
where
C-I = -N (.I 'B]Bz)
d1 =] +y Bz +Yz “"’Bz)

-17 -



On multiplying Eq. (A5) withB,, subtracting from Eq. (A3) and rearranging,

n+1 .
BJ"k‘] A

(1-8y8p) 2 B2 0y 7 BB 8 Yin B

+ (4B v By =By Yy 8yri 2< k< n (A12)

which, for k = n, reduces to:

b 8,4+ by =8 (A13)
By Y (W +B, +v, +By Y

where, b= - 1 01 and ¢y = ! n 1 n) (A14)

Definingd, =4,/8 .4, Egs. (A8), (A10), and (A13) can be rewritten as:
R I R R I LT I (A15)

Egs. (A9), (A11), and (A14) define the constants b,, c,, d,, and e,.

Besides, by =d, =e =0, f =1, and fi =0 for 1< k< n- (A16)

From Eq. (A9) 1t should also be noted that b2 e 0.

This set of equations may be solved for Ak using the algorithm of Ref. 8. The

complete temperature picture may be obtained by using the relations

-]
A i1 + Ak andAk 'An+1Ak

-18 -



APPENDIX B

HEAT EXCHANGER WITH FINITE NUMBER OF PLATES AND FINITE HEAT TRANSFER
COEFFICIENT: TEMPERATURE PROFILE

Since axial conduction is absent

Y = 0 1€ ks n+l (B1)
Substituting this condition in Eqs. (A8) and (A9)

A MrE A K 1 (B2)
= = pA ;25 <_ n-
K+1 v s, K K

Similarly from Eqs. (A10) and (Al11)

A, = A, a (p -Bq)A (B3)
2 1 1 1
1 +u 82

and from Eqs. (A13) and (A14)

b+B
A ozl g A HP (B4)

n+1 ] n

n+l

Using the relation X A, =1, Egs. (B2-B4) give
k=1

A1- p(]-\))
(w+8,) (1 -vp")

< 19va



and gy =P mA, (BS)

Eq. (B5) completely describes the temperature field.

The efficiency of the heat exchanger is now given as:
. (15
€111 71 " T

n+l 11
=1- Y877 A, (using Eq. (A1)
i=1

=(] -pn)/('l v-\)pn), (B6)

Eq. (B6) is the same as Eq. (14).

- 20 -



NOMENCLATURE

Ac = cross sectional area (mz)

bk' Cys dk’ e fk = coefficients in governing equations

c

fluid heat capacity flow rate

me (W/K)

inefficiency

—te
]

=1-¢

ot
H

overall length of heat exchanger (m)

*
H

length of insulating spacer between two . ;sive plates (m)
n = number of plates in heat exchanger
NBi = Biot number

NNu = Nusselt number

Ntu = Number of heat transfer units

P +B8)/(1 +us,)

q*Vv (1 +nXx)/(1 +vnA)

té]) a temperature of the fluid with smaller heat capacity flow rate while
~ entering the kth‘plate (k)

tﬁZ) = temperature of the fluid with larger heat capacity flow rate while

h

leaving the kt plate (K)

th (2)

(1)
plate (K) with To =t ' and Tn+1 = thei

Tk = temperature of k
- 0
.e (1+“)Ntu/"

3:'2 a e-Nga)(Z)/"

Yy -vnxk/ﬂ -ﬁz)

B = (T =T 7 (4 - 2,0
A'k-ukmnﬂ

€ = overall efficiency of heat exchanger
" efficiency of kth plate
x = thermal conductivity (W/mK)-. RN



NOMENCLATURE cont...

Xk = axial conduction parameter for the spacer

between (k-1)th and kth

= (K Ac/!' )k/“Ll

plates
with x] =)‘n+1 =0

min
A = axial conductivity parameter when all spacers are jdentical
H =V (]-B])/ (1"82)
v = capacity rate ratio
- Cmin/cmax 1
(M.(2) ., (L2 _ )/( N2 .
Ty = + tk Tk t, - the) © dimensionless fluid temperature

_ (2) (1) (2)) .
Ok = <Tk - tn+1)/«%1 - tn+1) = dimensionless plate temperature

Subscripts:

k : kth plate

min : fluid stream with smaller heat capacity flow rate
max : fluid stream with larger heat capacity flow rate
I : finite heat transfer coefficient

II ;: finite number of plates

[II : axial conduction

Superscripts:
D : design
(1) : fluid stream with smaller heat capacity flow rate

(2) : fluid stream with larger heat capacity flow rate

- 22 ;



FIGURE CAPTIONS

Fig. 1.

Fig. 2.

Plate and fluid temperature profiles in a segmented heat exchanger,
The insert illustrates dimensionless temperatures.

The effective Ntu in a segmented heat exchanger shown against
design Ntu for selected values of number of plates n, and axial
conduction parameter A\. ———n* ® X = 0; --=-c A =0;

e A =0.01. The curve for n*> @ and A = 0.01 coincides

with that for n = 1000, A = 0.01 for this range of M) .

ce e v Q3w .



PLATE and FLUID TEMPERATURES T, @,2)
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